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ABSTRACT OF THESIS 
The role of diffusiophoretics and Stefan flow in droplet 
growth by accretion and in-cloud scavenging is examined. A calcu-
lation is made for the diffusive forces between two juxtaposed spheres 
one or both of which are undergoing diffusional growth and the in-
fluence of the diffusive force on the trajectories of two spheres, 
assumed to obey the creeping flow equations is found. The results 
are: a) the diffusiophoretic force between two water droplets is 
zero. b) the ditfusiophoretic force between a spherical ice 
particle and a water droplet, although non-zero, is too small to 
appreciably influence the fall trajectories. c) the diffusiophoretic 
force between a growing, spherical cloud element and a spherical 
inert particle is large enough to enhance the collision efficiencies 
of the spheres. 
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I INTRODUCTION 
The present study concerns micro-physical processes occuring 
near cloud elements that are several microns in radius. Such a cloud 
element, say a growing droplet, serves as a sink of water vapor 
causing vapor to diffuse toward the surface. Another aerosol 
particle placed near the growing droplet may experience a momentum 
transfer due to the vapor flow toward the droplet, the result being 
a force on the aerosol particle. Although the calculation of this 
diffusive force is the main concern in this study, other related 
transport phenomena such as heat transfer due to the heat released 
by vapor condensation and the momentum transfer problem resulting 
from the gravitational settling of the particles will be considered 
as well. 
One incentive for pursuing such an undertaking is to understand 
the processes leading to coagulation of atmospheric aerosols. The 
study of the coagulation processes is commonly divided into the study 
of the motion leading to collision and the determination of the 
chances of coagulation after collision. Situations contemplated 
usually involve only two bodies. The present study will be confined 
to the motion of ~articles without consideration of the actual 
collision process. 
The results of calculations to determine the trajectories of 
two spheres moving in a viscous fluid under the assumptions of steady, 
creeping motion have shown that the spheres have a very slight chance 
1 
of colliding. According to an analysis by Davis of the resistance 
on each of two spheres approaching each other along the line joining 
2 
centers, the resistance increases from the Stokes value for an 
isolated sphere at separation between surfaces of about 10 radii 
to a value of about 60 times the Stokes resistance at a separation 
of .01 radii. For this reason two spheres that are on an apparent 
collision course may approach to a very small separation between 
surfaces, then "slide" around each other without colliding. 
Of a particular concern in cloud physics is the development of 
non-freezing clouds. Under typical cloud conditions a droplet, 
once activated, can readily grow by diffusion to several microns 
radius, after which the radial growth becomes very slow. The above 
hydrodynamic considerations suggest that the growth of droplets by 
accretion is very sluggish for these small droplets. It is there-
fore not apparent how the cloud droplet size spectrum develops from 
droplets with radii of a few microns to sizes large enough to grow 
effectively by accretion. 
Another atmospheric process that appears to be retarded by the 
nature of the hydrodynamic forces between two falling spheres (at 
least in the size range from a few microns radius to around 25 
microns radius) is the scavenging of atmospheric particulates by 
cloud elements, called rainout for in-cloud scavenging and washout 
for below-cloud scavenging. Since the viscosity of water is much 
greater than that of air, the fluid streamlines near a water droplet 
are the same as those around a solid sphere of the same radius. 
(For droplets of the sizes considered, there is no appreciable in-
ternal circulation). The above hydrodynamic considerations, then, 
suggest that the collisions between either droplets or (spherical) 
ice particles and (spherical) atmospheric particles are highly 
improbable. 
3 
Since the spheres can approach to very close separations with-
out colliding, any mechanism that alters the trajectories only 
slightly for small separations could greatly enhance the possibility 
of collision. This fact has led to identification of a few of 
these mechanisms. For larger spheres (approximately 25 microns in 
radius) their inertia causes them to cross the creeping flow stream 
lines thus, in some cases, effecting collision. Although the par-
ticle inertia changes the flow trajectory only slightly, the effect 
is most pronounced for small sphere separations. Another phenomenon 
that can enhance the number of collisions is electrical forces between 
particles. Again, the force attains its largest value for small 
sphere separations, although for multi-pole interactions there may be 
angular dependence as well. 
If one or both of the spheres is a cloud element undergoing 
diffusional growth or evaporation, diffusive forces may influence 
the trajectories. Diffusive forces resulting from a gradient of 
concentration of at least one component in a multi-component gaseous 
system can be discussed in terms of Stefan flow and diffusiophoresis. 
Consider two parallal plates maintained at equal temperatures and 
separated by a humid air mixture. Let one of the plates serve as a 
source of water vapor and the other a sink, both being of equal 
strength. After steady-state is attained there will exist a non-
zero average molecular velocity of the vapor toward the condensing 
plate, while the average molecular velocity of the air will be zero. 
4 
From the non-vanishing average molecular velocity of the vapor one 
can calculate a total mass velocity representing a flow of the medium 
toward the condensing surface. The average mass velocity of the 
medium is called the Stefan velocity named after its discoverer J. 
2 Stefan. 
Diffusive forces can also exist in the absence of a source or 
sink. Let the plates be replaced by vessels of equal temperature 
and pressure, each containing a different gas and connected by a 
tube of small diameter compared to the size of the vessels. If 
this system is allowed to attain steady-state, the total pressure 
in the tube will be constant and there will exist equal and opposite 
concentration gradients of the two gases. If the molecular weights of 
the two gases are not equal there will be a mass flow in the direction 
of the heavier gas component. A small particle placed in this tube 
would experience a force due to the gas flow around it. The term 
diffusiophoresis will be used to designate both this phenomenon 
and the similar situation resulting from Stefan flow. 
The diffusiophoretic force on a particle depends on the value 
of the vapor density gradient established in the neighborhood of the 
particle. For an isolated growing cloud element the density gradient 
has its largest magnitude at the surface and falls off radially. If 
a particle is placed near the cloud element, it should experience a 
diffusive force due to the flow of water vapor toward the growing 
cloud element, the force being larger for smal~r separations. 
(Neglected here is the possibility that the presence of the particle 
may change the vapor density profile.) To the extent that the 
5 
diffusive forces oppose the hydrodynamic forces caused by gravitational 
settling, the fall trajectories of the particles will be influenced in 
favor of collision. 
The present effort is directed toward determining the extent 
to which diffusiophoretic forces affect the two-sphere trajectori&s 
from the standpoint of continuum hydrodynamics. An attempt will be 
made to keep the analysis general in the sense that a juxtaposition of 
two particles both undergoing diffusional growth or evaporation 
(denoted as volatile particles) will be considered, as well as the 
situation in which one of the particles is volatile the other inert 
(not undergoing diffusional growth or evaporation). The parameters 
that identify the particles such as the thermal conductivities and 
latent heats, will be kept distinct so that, for example, if both 
spheres are volatile one may correspond to a water droplet, the other 
an ice particle. 
6 
II REVIEW OF LITERATURE 
The calculations of diffusiophoretic forces differ depending 
upon the particular Kundsen number regime considered. 3 The Kundsen 
number is defined as K = A/R where R is the radius of the sphere 
suspended in a fluid of mean-free path A . In the regime of large 
Kundsen number, the free-molecule regime, where K -+ oo the transport 
processes occuring in the system can be described using uniform 
kinetic theory. This type of analysis can be extended to the 
( -1) transition regime 10 > K > 10 by using the kinetic theory of 
n 
non-uniform gases. In this regime, the distribution of molecules 
in the medium is influenced by the presence of the particle surface. 
This problem is further complicated by the lack of a reliable theory 
for the distribution of molecules leaving the surface. 
In the continuum regime, defined in the limit as K approaches 
n 
zero, the transport phenomena in the fluid can be described by the 
laws of continuum mechanics. It has been found by comparison with 
experiment that the continuum approach can be extended to the so 
called slip flow regime (10- 1 >K >10- 2 ) by using velocity slip and 
n 
temperature jump boundary conditions. 
If there exists a density gradient of one component of a binary 
mixture tangent to any surface in the system, the possibility of 
diffusion slip along this surface must be considered. Diffusion 
slip was first investigated by Kramers and Kistemaker4(1943). They 
measured the slip velocity tangent to a wall along which was estab-
lished a density gradient. Using a kinetic theory calculation, 
they found an expression for the diffusion slip coefficient. In the 
7 
usual continuum analysis of a gas flowing tangential to a stationery 
surface, the gas velocity evaluated at the surface is taken to be 
zero. However, the velocity of a gas diffusing along a surface is 
not always taken as zero. Diffusion slip represents a compromise 
in that, if a density gradient exists tangential to a surface, the 
velocity of the gas at the surface will take on some value between 
zero and the Fick's Law velocity. This diffusion slip phenomena 
influences the way in which momentum is transferred to a particle 
present in a diffusing gas mixture and thus may be of importance 
for the description of the diffusiophoretic force on a particle in 
the sliP-flow and continuum regimes. 
A. DIFFUSIOPHORESIS 
Early research into what is now called diffusiophoresis was 
reported by Aitken 5 (1883) whose results were later confirmed by 
6 Watson (1936). They essentially observed a dust free zone near 
an evaporating surface. 7 8 9 Facy • ' (1955) observed not only a dust 
free space near an evaporating droplet, but an increase in the 
number of dust particles near a condensing surface and a general 
8 
movement .of the particles toward the surface, with some being absorbed. 
10 Deryagin and Dukhin (1956) first calculated the force on an 
inert particle in a constant density gradient. They considered the 
velocity field of the medium to be the Stefan velocity which, in this 
case, is the average mass velocity of the gaseous medium. They 
found the velocity of the particle to be the same as the Stefan 
velocity far removed from the particle. 1 1 Deryagin and Dukhin also 
calculated the force on a volatile particle in a diffusing gas mix-
ture. In this case they found that in addition to the Stefan flow 
force, there is another force arising from the density gradients 
near the particle, causing a force opposing the Stefan flow. They 
concluded that, if the external concentration gradient is set up by 
a phase change of the same material as the droplet, the total force 
on the droplet is zero. (This result was later contradicted in a 
20 
calculation by Deryagin and Yalamov. ) The force on a volatile 
particle in both an externally imposed temperature and density 
12 gradient was found by Dukhin and Deryagin. The velocity field of 
the gas medium was found by solving the Navier-Stokes equation for 
9 
creeping, steady motion, the equation of continuity for incompress-
able flow, and the steady-state, non-convective forma of Fick's law 
of diffusion, and Fouriers law of heat conduction simultaneously, 
subjected to the usual continuum boundary conditions (neglecting 
diffusion slip). According to this analysis the force on two widely 
separated water droplets is zero. 
13 Waldmann (1961) found expressions for the forces on an inert 
particle in a diffusing gas mixture. Diffusion slip was accounted 
for in this analysis. The force on a particle in a binary gas mix-
ture, each component of which is diffusing in opposite directions, 
was found to be in the direction of the heavier gas component. He 
also examined the situation of an inert particle suspended in a 
carrier gas through which vapor is diffusing. Although these results 
gave the proper direction for the forces, they do not agree with the 
14 15 16 
experimental results of Schmitt and Waldmann ' and of Schmitt. 
Waldmann, therefore, proposed an empirical expression for the diffus-
ion slip factor which led to reasonable experimental agreement. 
Brock17 (1963) derived a new expression for the diffusion slip 
coefficient and using it calculated the force on an inert sphere 
suspended in a diffusing gas mixture. This analysis gave results 
very similar to those presented by Waldmann and can be shown to 
give identical results if the diffusion slip coefficients are set 
equal. Brock's slip coefficient depends on the accommodation co-
efficients of each species to the particle surface. Since there is 
no experimental information available on the accommodation coeffic-
ients of each chemical species in a mixture, the question of 
10 
diffusion slip is still open. 
A completely different approach to the problem of diffusio-
phoresis has been taken by Deryagin et. al. 18 • 19• 20 (1966). In this 
approach they considered two vessels containing binary gas mixtures, 
between which is maintained concentration and pressure differences. 
~The vessels are separated by an "aerosol partition". Using irrevers-
ible thermodynamic arguments, they calculated the force on the 
aerosol particles in the partition. Diffusion slip was regarded 
as only of minor importance and was neglected in this development. 
The force calculated in this way gave reasonable agreement with the 
experimental value of the repulsive diffusiophoretic force between 
a silver coated glass sphere and an evaporating droplet as reported 
21 by Prokhorov and Leonov. 
There are thus two general approaches to the problem of calculating 
diffusiophoretic forces. The approach taken by Waldmann and Brock, 
as well as the earlier attempts by Deryagin 1 s group, are based on hydro-
dynamic considerations, the basic differences being related to the 
question of diffusion slip. The non-equilibrium thermodynamic aP-
proach appears to be quite different in the method of attack. Un-
fortunately there is a scarcity of experimental data to determine 
which of the theories for calculation of the diffusiophoretic force 
on large particles is correct. Even the question of the effect of 
diffusion slip on the particle motion has not been satisfactorily 
resolved. With regard to the irreversible thermodynamic approach, 
22 Waldmann has raised some questions regarding certain boundary 
conditions used. 
1 1 
For the problem at hand the conventional hydrodynamic approach 
will be exploited, admitting, however, that the irreversible thermo-
dynamic approach may lead to equally suitable results. The existance 
of diffusion slip will be acknowledged and used in the subsequent 
development. By setting the slip coefficient equal to zero, the 
condition of no slip at the particle surface can be realized. 
Corresponding to the diffusiophoretic forces which occur due to 
density gradients in the system, there exist thermophoretic forces 
which result from thermal gradients in the system. Due to the 
similarities of these two phenomena, thermophoresis has been developed 
by essentially the same researchers as diffusiophoresis. For the 
systems considered in this work, the thermophoretic forces are much 
smaller 23 •24 than the diffusiophoretic forces and will therefore 
be neglected in the present work. 
There has been very little experimental work done to determine 
the continuum motion of particles in a diffusion field. Prokhorov 
21 
and Leonov have presented results for the long-range diffusion 
forces between water droplets and non-volatile particles. They 
were, however, troubled by convection currents due to the cooling of 
the droplet from evaporation. To avoid the convection problem they 
had to heat the droplet to the same temperature as the surrounding 
medium. There has been no work reported for the diffusion forces on 
closely spaced spheres in the continuum regime. 
Some work has been done to determine the atmospheric signif-
icance of diffusiophoresis for small particles. 25 Goldsmith et. al. 
found an experimental expression for the velocity of deposition of 
12 
small particles (about 1 micron radius} on a sulfUric acid surface. 
26 Baaed on this velocity, Goldsmith and May presented a calculation 
to determine the role of diffusiophoresis in the scavenging of these 
particles from the atmosphere by growing water drops. They concluded 
that diffuaiophoreais plays a very minor role in atmospheric scaveng-
ing. In this calculation they did not consider the drops to be falling 
due to gravity. Since a falling drop comes into proximity with more 
particles than a stationery drop and the diffusiophoretic force is 
larger for close separations, it is not clear that gravitational 
fall and the subsequent hydrodynamic problem can be ignored. Also 
neglected here is the heat liberated at the droplet durface due to 
condensation. 
Using an analogy between the vapor density profile about a 
growing drop and the electric potential around a conducting sphere, 
27 Podzimek investigated the binding of small Agl particles onto 
growing droplets and ice crystals. ~he distribution of vapor around 
the droplets and ice crystals was found by measuring the electro-
static field in an electrolytical vessel. The velocity of the par-
ticles was then calculated by using the Goldsmith velocity expression. 
The results indicate that the scavenging of small atmospheric par-
ticles may be important in mixed clouds. Again the results were 
not interpreted for a falling droplet or ice crystal. 
28 
According to the laboratory work of Vittori and Prodi , ice 
particles are 16 times more efficient than water droplets in scaveng-
ing small atmospheric particles. They also reported29 that the 
observed velocity of particles in a density gradient is slower than 
13 
the Stefan flow. 
Field experiments to examine the concentrations of different 
sized solid, water-insoluble particles in rainwater and hailstones 
were reported by Rosinski. 30 He concluded that "Stefan flow is 
probably the predominant mechanism of in-cloud scavenging of par-
ticles 1.5- 5 microns in diameter when solid (ice crystal) and 
liquid (supercooled droplet) phases are present simultaneously." 
14 
B. HYDRODYNAMIC RESULTS 
As a result of several contributions, the hydrodynamic problem 
of the steady, creeping motion of two spheres settling in a viscous 
fluid has been solved for different sized spheres and for arbitrary 
orientation. The assumptions of steady, creeping motion will be 
examined in the next section. The general motion of the spheres 
has been divided into motion parallel to the line of centers and 
motion perpendicular to the line of centers. Some remarks on this 
division of the velocity field will also be presented later. 
An attempt to determine the motion of two spherical atmospheric 
particles moving in a viscous fluid under the assumptions of steady, 
creeping flow and in the absence of diffusion was reported by Hocking 
in his Ph.D. thesis31 (1958). Hocking's method of solution involved 
solving a large (in the limit infinite) set of simultaneous equations. 
The approximate solution was found by solving the first several 
members of the set of equations. The often quoted result o! Hocking's 
work is that spheres with radii less than 19 microns do not collide. 
An exact expression for the steady, creeping motion of two 
spheres moving with equal velocities parallel to their line of 
centers was derived by Stimpson and Jeffery32 (1926). Maude33 (1961) 
and Brenner34 (1961) ~ndependently extended the Stimpson and Jeffery 
solution to include the motion of two spheres moving with arbitrary 
velocities along their line of centers. Using this solution along 
with the solution used by Hocking for motion perpendicular to the 
35 36 line of centers (probably due to Wakiya ), Davis and Sartor (1967) 
1 5 
calculated collision efficiencies which were quite different from 
Hocking's original deduction. The new calculation failed to show 
the 19 micron cut-off. However, collision efficiencies for spheres 
of less than 20 microns in radius were still found to be quite small. 
The mathematical analysis for a sphere moving parallel to a 
rigid infinite plane in steady, creeping flow was presented by 
0 1 Nei1137 (1964) based on a previous calculation by Dean and 
0 1 Nei1138 in 1963. The problem was done in bispherical coordinates 
enabling Wakiya39 (1967) to generalize the problem to include two 
equal or unequal spheres moving perpendicular to their line of 
centers. Some numerical results for this motion were presented by 
Pavis40 (1969) who ~sed the solution given by Wakiya. 
A whole chapter in the book by Happel and Brenner41 (1965) is 
devoted to the discussion of the two sphere hydrodynamic problem. 
Calculations for the motion of two arbitrarily oriented equal 
spheres, as well as comparison with experimental results is given 
by Goldman, Cox, and Brenner42 (1966). The agreement with the ex-
perimental results of Eveson, Hal~ and Ward43 (1959) for which the 
Reynolds number never exceeded .018 is very good, to within 5 percent 
for values of ~h ranging from .097 to 1. 0 where a is the sphere 
radius and h one-half the distance between centers. Theory and 
experiment both reveal that the small amount of rotation that does 
occur affects the sphere trajectories very slightly. 
Other experiments on the settling of two equal, arbitrarily 
oriented spheres were done by Mathews and Smith44 , Slack and Mathews, 45 
46 
and by Jayaweera, Mason, and Slack. These investigators observed 
16 
the upper sphere to overtake the lower sphere which does not agree 
with theoretical predicitions for viscous flow around, equal spheres. 
The discrepancy is apparently inertial in origin. This is borne out 
by Klett47 in his thesis where the Oseen correction is applied to two-
sphere motion. Klett concludes that the inertial effects are im-
portant even for Reynolds numbers as low as .03 which corresponds to 
water droplets in air of radius 15 microns. Care must be taken when 
extending these experimental results, which were taken for solid 
spheres settling in a liquid medium, to atmospheric situations where 
the medium is gaseous. 
1 7 
III THEORY 
The gas.particle system considered here will consist of spher-
ical cloud elements of approximately 10 microns in radius suspended 
in a humid air environment. Since the molecular mean free path of 
6 -6 the gas is about X 10 em., the Knudsen number is much smaller 
than unity. In view of this, the transport properties of the system 
can be described by the laws of continuum mechanics. Except for 
diffusion slip, the usual continuum boundary conditions will be 
employed. Although diffusion slip will be included, the complete 
continuum approach can be realized by setting the slip coefficient 
equal to zero. Due to the uncertainty regarding the continuum 
analysis of the fluid flow between two closely separated spheres, 
separations of less than about one micron will not be considered. 
In order to find the force on particles suspended in a fluid, 
the mass velocity, VI and the pressure, P, in the fluid must be 
established. The stress tensor can then be calculated from these 
fields. By integrating the stress tensor over the surface of the 
particles in the fluid, the force on the particles can be found. 
Consider two spherical particles, one or both of which are 
volatile, suspended in an incompressible fluid, the whole system 
being in a constant gravitational field. The equation of motion of 
the fluid is: 
= -
2 -+ nv v + -pg ( 1 ) 
where p is the total mass density of the fluid, n the fluid 
viscosity, g the acceleration of gravity and t the time. The 
equation of continuity for incompressible flow implies 
-
'V • v = o. 
The equation for heat transfer can be written48 
Cl T 






Here T is the temperature at any point in the system and x = K/(p C ) , 
p 
where K is the thermal conductivity at the position considered with 
mass density p and specific heat at constant pressure C . Diffusion p 




v c- -) 
- + v· 'V P a t v 
where D is the diffusion coefficient. According to a perturbation 
analysis by Brock17 •50,51 the second term in both equations (3) and 
(4) can be neglected for the present system. 
If one defines characteristic parameters such as the radius 
of one of the spheres, R(for closely spaced spheres the characteristic 
length may be best described as the distance between surfaces), and 
the free stream velocity, v, far away from both spheres, the Navier-
Stokes equation can be expressed in terms of these quantities. The 
ratio of the inertial term to the viscous term then becomes 
Re = PVR/ n, where Re is the Reynolds number. For an isolated 
sphere of 10 microns radius falling in air, the Reynolds number is 
of order 10-2 . Using this value for the present situation, the 
inertial term in the equation can be neglected in favor of the 
viscous term. Further justification for dropping the inertial term 
19 
appeals to the accuracy of such a calculation for falling, equal 
spheres when compared with experiment as discussed earlier. 
Since the second term on the left of equation (3) can be neglec-
ted the heat equation becomes: 
A solution to this equation for a point source is given by 
48 Landeau and Lifshitz . The characteristic time required for heat 
to be conducted to a distance .t from the source is .1 2 • - lx This 
time can also be interpreted as the time necessary for the temperature 
of a non-uniformly heated body of dimension .t to become more or less 
constant throughout. Calling .t the distance between surfaces of 
two juxtaposed spheres, the temperature profile between the spheres 
2 
reaches a steady value in a time T = t. /x - 1 o- 4 sec for R. = 50 
microns. During this time the spheres will settle to a new position 
resulting in a slight change in the temperature profile. This change 
in the profile with respect to time is very small compared to the 
changes contemplated for the whole trajectory. Therefore, the usual 
steady-state approximation will be made yielding for the heat con-
duction equation: 
V 2 T : 0. (3') 
The diffusion equation has exactly the same form and the above 
analysis applies to it as well. The mass diffusion equation there-
fore reduces to: 
02 0 
v p v = • (4.) 
Taking the curl of each term in the Navier-Stokes equation 
20 
(equation 1) and defining the vorticity as: 
- -Q : V x v, equation 1 reduces to: 
aQ __ n, __2 
"' /_ v- {2 • 
0 t p This has the same form as the heat conduction 
equation, so the relaxation time needed for the vorticity to reach 
its steady-state value is For a given value of R. this 
relaxation time is of the same order of magnitude as for heat con-
duction and diffusion, so the same argument for the steady-state 
approximation can be used. (Note that as the sphere separation 
is decreased the approximation becomes stronger.) A particle 
moving in steady flow is necessarily moving in such a way as to 
make the total force on the particle zero. Thus for the situation 
considered here, the gravitational force on the particle and the 
hydrodynamic forces must sum to zero. 
Since the density of the particles is much greater than that of 
their environment the buoyancy force on the particles, represented 
by the last term in (1), can be neglected. The equation of motion 
of the fluid therefore reduces to: 
~ = T) v-2; . ( 1 ' ) 
52 53 As pointed out by Barker and Brenne~ since these equations 
of motion and the boundary conditions (to be discussed later) are 
linear functions of velocity and pressure, the problem of the 
' general motion of two spheres satisfying equations (1 ) and (2) can 
be decomposed into a number of simpler problems. For example, the 
velocity can be written as the sum of other velocities say 




and the pressures corresponding to each of these 
velocities become P = P1 + P2 . If these parameters satisfy the 
21 
equations 
- -V • v 1 = 0 , and V • v 2 = 0 subject to boundary conditions 
consistent with the boundary conditions of the total flow field, 
then solving each of the sub-problems is equiYalent to solving the 
original problem. Brenner also shows that a stress tensor and hence 
a force, can be found from each of the individual flow fields, the 
total force being a sum Of each of the smaller forces. For the 
problem at hand, it is convenient to separate the hydrodynamic 
problem into three parts. These are motion perpendicular and 
parallel to the line of centers due to gravitational settling, and 
motion due to diffusiophoretic forces. The problem of gravitational 
settling has been solved, as discussed in the literature review. 
Once the diffusiophoretic force is known, the velocity of each 
particle for any separation can be found by requiring that the total 
force on the particles be zero. 
Consider then two juxtaposed particles, at least one of which 
is growing by diffusion, positioned in an otherwise quiescent fluid. 
From the axisymmetric geometry of this configuration, any force 
present must be along the line of centers of the spheres. The 
spheres will be constrained not to move and the necessary force of 
I 
constraint will be found by solving equations (1 ) and (2) for the 
velocity and pressure fields due to diffusion. At the surface of a 
volatile particle the boundary conditions on the velocity are: 




( Vp • i;) 
v SURFACE (5) 






v T ) SURFACE . 
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(6) 
Here n and T are unit vectors normal and tangential to the par-
ticle surface respectively, pv the mass density of the water vapor, 
D the diffusion coefficient of the binary gas system, p the density g 
of the dry air, and a the diffusion slip coefficient first derived 
by Kramers and Kistemaker. 4 For an inert particle no vapor can 
penetrate the surface. Writing the condition of impenetrability as 
;; 'SURFACE :0 t (7) 
it is apparent that the fluid velocity normal to the particle surface 
as described by equation (5) must be zero. The tangential velocity 
will have the same form as shown in equation (6). In fact, the 
velocity boundary conditions for both inert and volatile particles 
can be described by equations (5) and (6), the difference being that 
the density profile will be different in each case. 
Neglecting temperature jump at the particle surface, the tern-
perature at the surface of both inert and volatile particles must be 
continuous, that is: 
= Ti I SURFACE t 
where Te is the temperature external to the particle and Ti the 
internal temperature. 
(8) 
A droplet that is undergoing diffusional growth must conduct 
away any heat released at the surface either via the outside medium 
or into the droplet. This can be expressed in terms of a steady-
state power balances 
23 
n • { LD Vp + K 'VT 
v e e : o. (9) SURFACE 
Here L is the latent heat of the volatile particle, K the thermal 
e 
conductivity external to the particle, and K. that internal to it. 
l 
If the particle is inert the condition of impenetrability reduces 
equation (9) to n . { K. 
e 
-V T. } 
J. = 0. ( 10) 
It will be assumed that the temperature and vapor density are 
in equilibrium at the droplet surface. This assumption is good 
under the condition that ( A/R a)>> 1 (see Carstens and Kassner,54 
1968) where a is the sticking coefficient. (Actually these same 
criteria determine the validity of the thermal continuity boundary 
condition as well.) The condition of thermal equilibrium, therefore, 
becomes: P 
v SURFACE 
:: bT +c 
SURFACE 
where b and c are constants determined from experiment. 
Far from the particles, the temperature and vapor density 
( 11) 
must attain their bulk values so: P :: P00 and T :: T at an 00 
infinite distance from the spheres. Also at an infinite distance 
from the spheres, there can be no fluid motion caused by diffusion 
since there are no density gradients thus v :: 0 at infinity. 
In the more general situation the differential equations 
describing the temperature, vapor density, velocity, and pressure 
fields are coupled such that all four equations must be solved 
simultaneously. In the system considered here, approximations 
have been made which decouple the pressure and velocity fields 
24 
from the temperature and density fields. In what follows, the 
temperature and density profiles will be found by simultaneously 
solving equations (3 1 ) and (4 1 ). These solutions will be subjected 
to boundary conditions (?), (8), and (10) at the surface of an inert 
particle and boundary conditions (8), (9), and (11) if the particle 
is volatile. Once the vapor density profile for the system is 
known, the pressure and velocity fields can be found by simultaneously 
solving equations (1 1 ) and {2) subject to boundary conditions (5) 
and (6). 
A. TEMPERATURE AND VAPOR DENSITY PROFILES 
Due to the geometry of the system, a bispherical coordinate 
system will be used to find the profiles. A review of bispherical 
41 
coordinates may be found in Happel and Brenner or Horse and 
Feshbach.55 Figure 1 shows the coordinate grid. The full three 
dimensional system is obtained by rotating this system about the 
z - axis. 
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Figure 1. The Biepherical Coordinate System. 
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Here A , B , C , D , F' and F" are arbitrary constants to be deter-
n n n n n n 
mined from the boundary conditions, P
00 
and Too are the ambient values 
of temperature and vapor density, JJ :(n~) , w::cosn, and f::cosh]J -w. 
n 
JJ 1 describes the surface of particle 1 with center on the positive 
z-axis and- JJ 2 describes the surface of particle 2 centered on the 
negative z-axis. (The minus sign associated with ]J 2 will be carried 
along explicitly so JJ 2 is a positive number.) 
These equations have been solved and the profiles computed for 
two juxtaposed water droplets by Carstens, Williams, and Zung56 (1970) 
with comments by Williams and Carstens57 (1971). The calculations 
will be generalized here to include particles with distinct latent 
heats and thermal conductivities. Also, the profiles will be found 
for an inert and volatile particle juxtaposition. 
For the situation in which both particles are volatile the 
boundary conditions yield: 
A - F' +B exp(2 JJ 1) = -f2T"" 
n n n n 
and 
A exp(2 JJ 2 ) + B - F" :: -n n n n 




b F' + D exp(2 JJ 1) = fZ(C1-poo) 1 n n n 




( 1 9) 
(20) 
and 
~ = n ~· 1 + ( n + 1 ) ~· 1 n n- n+ 
from the power balance. The following notation has been used: 
~n 1 = (n+t>~ 1 , ~n2 = (n+t>~ 2 , b 1 , b2 , c 1 , c 2 are the con-
stants obtained by requiring thermal equilibrium at each surface, 
27 
(21) 
Kil' Ki 2 , K8 are the thermal conductivities of particle 1, particle 
2, and the medium external to the particles, L1 and L2 , are the 
latent heats of condensation (sublimation) of particles 1 and 2, 
D the diffusion coefficient, 
a' :-(C + r 1A-ri1F')exp(-l.l 1)+(D + r 1B )exp(~ 1 ), -n n e n n n n e n n 




rel = LD ' re2 = LD ' 1 2 
Each of equations (16-21) yield a separate equation for each 
value of n. Consider the case for n:O, equations (16-19) give 
four equations and six unknowns. Equations (20) and (21) add two 
more equations and a!.x more unknowns, since for n:O, a' 1 n+ ' and ~ 1 n+ 
give the n:l order constants. It appears that two more conditions 
are needed to specify the solution. This situation can be alleviated 
by summing the power balance boundary condition over every point on 
the surface of each of the spheres. For particle 1 this condition 
can be written: 
J J ;. {Vp I 
v 
-where n is a unit vector normal to the surface. This condition 







+ r 1B ) = o, e n 
I ( c + r 2A ) = o. 
0 n e n n: 
(22) 
(23) 
Consider the situation in which one of the particles is inert 
and the other volatile. Enforcing the volatile boundary conditions 
at surface 1 yields equations (16), (18), (20) and (22). At the 
surface of the inert particle thermal continuity holds, thus equation 
29 
(17) is valid. The condition of impenetrability, equation (?), 
enforced at surface 2 gives: 
I 
Yn = n Yn-1 + (n+l) y n+1 (24) 
where 
The power balance condition at surface 2 can again be written as 
equation (21), however, some simplifications can be made due to the 
condition of impenetrability. Integrating the power balance and the 
condition of impenetrability over surface 2 yields: 
00 00 
I A = 0 and I c :0 (25 
n:O n n:O n 
These boundary condition equations are sufficient to specify 
unique values of the arbitrary constants in equations (12) - (15) 
for juxtapositions of both two volatile particles and one inert par-
ticle the other volatile. Numerical values for the constants were 
found on an IBM - 360 computer. The approximate temperature and 
vapor density profiles were then found by taking a sufficient number 
of terms in the summation expressions for the temperature and vapor 
density. The constants either remained the same or converged for 
increasing values of n, making possible a solution accurate to 
several decimal places by taking less than ten terms in the sums. 
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B. DIFFUSIOPHORETIC FORCE 
Before calculating the force, it will prove expedient to 
simplify the velocity boundary conditions. This can be done by 
noting that the force calculation can be reduced to a number of 
sub-problems as discussed earlier. Consider the velocity division 
; = ; 1 + v-i where fiJ is any scalar function. The pressure gradient 
corresponding to the velocity V fiJ and the resulting force are 
zero, 
13 
so this amounts to a trivial division. It is then apparent 
that the gradient of any scalar function can be added to the velocity 
field without changing the force due to this velocity. 
Consider the diffusional velocity field 
v = v Vp v , where terms of order Vp v are 
neglected. This velocity can be added to the total diffusion velocity 
field changing the surface boundary conditions, equations (5) and (6), 
yielding: 
v • n SURFACE 
v • ~ !SURFACE 
= 0 and 
= 
( Vp • 
v - I T ) • SURFACE 
Since the vapor density far from the particle surfaces is at its 
(26) 
(27) 
bulk value and, hence, constant the gradient velocity is zero. The 
condition on the velocity far from the surface, therefore, remains 
zero. 
Since the diffusion flow field has axisymmetric geometry, a 
stream function representing the solution to equations (1') and (2) 
32 
can be used. .According to Stimpson and Jeffery the stream 








U V (w) 
n n 
where U = A' cosh(n - t> ll + B1 sinh(n - t> ll 
n n n 











B ' c' d D' , , an are constants to be determined and 
n n n 
1 
C -~ (w) 
n+l 
= 
where C -m are the Gegenbauer Polynomials 
n 
( 2) -m 1-2xt+t 
The velocities normal and tangential to the sphere surfaces as 
related to the stream function are: 41 
i. Cl'l' and v . n = -2 aw 
a 
f2 Cl'l' 
v • 1" = 2 ail a sinn 
Here a is a constant used in bispherical coordinates for a 






d is the distance along the z-axis to the center of the sphere 
of radius r. The boundary condition for velocity normal to the 
surface in terms of the stream function becomes: 
::: 0 thus '¥ I =constant. Since the stream 
SURFACE ~URFACE 
function is zero on the axis of symmetry, which intersects the sur-
face, this boundary condition on the stream function becomes: 
'¥ = 0. 
SURFACE 




U V (w) 
n n ~URFACE ::0 or u n = o, SURFACE 
(31) 
since the Gegenbauer polynomials constitute a complete set and are 
independe~t for each n. 





( )~ 1 - C1 pg ( Vp • T ) v 
SURFACE 
In bispherical coordinates the direction tangential to the surface 








~URFACE = - K 
( 1- o) Da 
K = From equation (13) the vapor density can 





- P (w) so: 
n n 
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ap 00 00 
v 
.fi I p' (w) 1 I aw = 
-
¢ p (w) where 
n:O n n 2 .ff n:O n n 
p'(w) 
= aP Cw>;a This boundary condition therefore becomes: n n w • 
3;. 00 a'¥ K (1 2 ) [~ I ¢ (w) f 2 - = - w p an SURFACE n:O n n 
00 00 
-
cosh 11 I ¢ p (w) +w I ¢ p' ( w) ] 
n~~:O n n n:O n n SURFACE 
This equation can be expressed in terms of Gegenbauer polynomials 
by use of the identities:32 , 58 
( 1 - w2 ) P 
n 
(1-w2 ) P 1 (w) 
n 
n(n-1) () _(n+1)(n+2) 
w - ( 2n + 1 ) ( 2n + 3 ) v ( w1)-n+ ( 2n + 1 ) ( 2n- 1 ) V(w) n-1 
n(n+ 1) V (w) 
= 2n + 1) n and 
n ( n +1 ) ( n- 1 ) ( ) n ( n + 1 ) ( n + 2 ) 
= (2n-1)(2n+1) vn-~ +(2n+1 )(2n+35 V (w) n+1 
By substituting these identities into the boundary condition equation 






K n(n+1) {¢ + 
(2n + 1) n + 1 = 2 
41 V (w) 
n n 
¢ 1 -2 
n-
SURFACE 
91 cosh( 11 ) 
n 
} . 
Writing the expression for the stream function, equation 








taking the partial derivative with respect to ~ of both sides of 
this equation, and evaluating the expression at the surface in 











Using this result the boundary condition for velocity tangential 
Evaluating equations (31) and (33) at each particle surface 
the constants A' B 1 C1 
n ' n ' n 
and D1 can each be found for every 
n 
n. As shown by Stimpson and Jeffery, 32 for cases in which the 
stream function (28) is a solution to the equations of motion, 
the force on each sphere becomes: 
ex> 
nrrz 12. /a I 
n:1 
( 2n + 1 ) ( A 1 + B 1 + C 1 + D 1 ) 
n n n n 
for the sphere ~ = ~ 1 and 
00 
nrr2 li /a I 
n = 1 
( ) ( ' B' 2n + 1 A -
n n 








By evaluating equations (31) and (33) at each particle surface, 
four independent equations are found from which the four constants 
35 
A~ , B~ , C~ , and Dn for each value of n can be determined. Since 
the constants converge for large values of n, the force can be 
found to the desired accuracy by terminating the sums in equations 
(34) and (35) at an appropriate value of n. 
The resistance force for two spheres moving parallel to their 
line of centers32 and moving perpendicular to their line of centers4° 
is found in each case by assuming that the spheres have a given 
velocity, then calculating the resistance force resulting from this 
velocity. In the present situation, these results will be used to 
give the velocities both parallel and perpendicular to the line of 
centers that are necessary to make the total force in each of these 
directions zero. For motion parallel to the line of centers the sum 
of the diffusiophoretic force, the parallel component of the gravi-
tational force, and the resistance force on each particle must be 
zero. For the motion perpendicular to the line of centers the 
perpendicular component of the gravitational force and the resistance 
force on each particle must add up to zero. 
For a given two particle system at an arbitrary separation the 
velocity of each particle can be found from the above analysis. 
To find the trajectories the particles will be allowed to move at 
these velocities for an increment of time resulting in a new 
orientation for which new particle velocities can be found. 
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IV DISCUSSION OF RESULTS 
A. TEMPERATURE AND VAPOR DENSITY PROFILES 
The temperature and vapor density profiles for two juxtaposed, 
growing water droplets of equal radii are shown in figures 2 and 3. 
Corresponding profiles for unequal droplets were given by Carstens 
56 
et. al. In both cases the internal droplet temperatures are 
constant. Since the temperature and vapor density evaluated at the 
particle surface are related by the condition of thermal equilib-
rium, it follows that if the droplet temperature is constant the 
vapor density gradient tangential to the surface and evaluated at 
the surface is zero. 
Some insight into the question of why the internal temperatures 
of juxtaposed droplets are constant can be found by considering an 
isolated growing droplet. The internal temperature for an isolated 
droplet is constant. If external temperature and density gradients 
are established near the isolated droplet, the internal droplet 
temperature will remain constant only if the imposed temperature 
and density gradients satisfy the power balance: 
{ LDVp + K VT} 
e 
n : 0. (36) 
Thus the total amount of heat released at the surface as a con-
sequence of the externally imposed vapor flow must be carried 
away by the externally imposed temperature gradient. The temperature 
and density gradients outside any isolated droplet satisfy equation 
(36). Thus, if two droplets are juxtaposed and the isolated profiles 
of each serve as the externally imposed gradients on the other, it 










Figure 2. Temperature profile for juxtaposed growing 
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Figure 3. Vapor density profile for juxtaposed 





is reasonable to expect the internal temperatures to remain constant. 
Apparently this kind of balance exists in the actual two droplet 
situation. 
Using a similar analysis, consider the juxtaposition of an 
ice particle and a water droplet, both undergoing diffusional 
growth. The temperature and vapor density gradients outside an 
isolated ice particle should satisfy equation (36), where Lin 
this case represents the heat of sublimation. Therefore, at any 
point outside the isolated ice particle there is a flow of vapor 
which, if allowed to deposit on an ice surface, would give up an 
amount of heat that would be totally conducted away by the external 
temperature gradient existing at that point. However, if a water 
droplet is placed near the ice particle, the side of the droplet 
farthest from the ice surface would intercept a vapor flow from the 
externally imposed density gradient, which upon condensation would 
give up a smaller amount of heat than is conducted away by the 
externally imposed temperature gradient, since the latent heat of 
water is less than the heat of sublimation of ice. This side of 
the droplet would thus become cooler. The other side of the droplet 
would be heated since the imposed temperature gradient conducts 
more heat toward the surface than is lost due to evaporation induced 
by the externally imposed density gradient. Figure 4 shows the 
temperature profile for a juxtaposed ice particle and a water droP-
let. Note that there is a gradient of temperature inside the water 
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Figure 4. Temperature profile for a juxtaposed water droplet (right) and an ice 
particle. !he supersaturation with respect to the water is 1.05 and with respect 




that there should also exist a temperature gradient internal to the 
ice particle which turns out to be true. However, this gradient is 
much smaller, partly due to the higher thermal conductivity of ice. 
Figure 5 shows the corresponding vapor density profile for the ice 
water juxtaposition. 
The temperature and vapor density for a system of ice and an 
inert particle is shown in figures 6 and 7 respectively. It is 
apparent from figure 7 that there is a rather large vapor density 
gradient tangential to the surface of the inert particle. The 
vapor density gradient tangential to the surface of the ice particle 
is quite small. The presence of the inert particle significantly 
affects the profiles near the growing particle. As the particle 
separation decreases this effect becomes more pronounced, since the 
inert particle will occupy a greater solid angle, as measured 
from the center of the ice particle, from which vapor cannot be 
extracted. 
B. DIFFUSIOPHORETIC FORCE 
The diffusiophoretic force on each of two juxtaposed growing 
water droplets is zero. This is true since the velocity field 
which satisfies boundary conditions (5) and (6) as well as the 
boundary condition on the velocity far from the droplets, and 
which is a solution to the equation of motion can be written as: 
v =- 'Vp_ v 
As mentioned previously, this velocity field, to a very good approxi-
mation, can be interpreted as the gradient of a scalar function 
-100 
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Figure 5. Vapor density profile for a juxtaposed water droplet 
(Right) and an ice particle. The supersaturation with respect 
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Figure 6. !eaperature profile !or a juxtaposed water droplet 
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Figure 7. Vapor density profile for a juxtaposed water droplet 





and, hence, gives a zero force. 
That this velocity field satisfies the velocity boundary condition 
tangential to the droplet surface is true because the internal drop-
let temperatures are constant. Conversely, if the internal droplet 
temperature of one of the droplets is not constant, the velocity 
field cannot be written as the gradient of a scalar unless the slip 
coefficient is taken as unity which is physically unacceptable. 
The diffusiophoretic force on a spherical ice particle of radius 
10 microns and an 8 micron water droplet for various separations 
is given in table I. The spheres are oriented such that the negative 
force on the ice particle means that it is attracted toward the 
water droplet. The force on the droplet is such as to repel it from 
the ice particle. Since the force on the droplet is larger, the 
overall relative force is repulsive. As the distance between surfaces 
increases from one to about ten microns the force on each particle 
decreases by more than an order of magnitude. 
At lower supersaturations and small separations the situation 
may exist where the ice is growing and the water is evaporating. 
In this case the internal temperature gradient of the ice particle 
reverses in direction, hence the force reverses in direction. As a 
result, the force on each particle is such as to repel it from the 
other. 
If the supersaturation is lowered to the point that both the 
ice and the water are evaporating, the force on the ice particle 
would be away from the water droplet, but the force on the water 
droplet would be toward the ice particle. Thus the overall relative 
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TABLE I 
Diffusiophoretic force between an ice particle and a water droplet. 
F1 is the force on the ice particle of radius 10 microns and F2 is 
the force on the water droplet of radius 8 microns. D is the dis-
tance between centers. The supersaturation with respect to the 
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force for situations in which both particles are evaporating would 
be attractive, since the magnitude of the force on the droplet would 
still be larger. 
The forces on a spherical ice particle and a spherical inert 
particle for various separations are shown in table II. For this 
case, the forces are larger than the corresponding values in table I 
by about two orders of magnitude. The force on the inert particle 
is larger than that on the ice particle and is toward the ice par-
ticle. The force on the ice particle is away from the inert particle. 
The overall relative force is thus attractive. If the ice particle 
were evaporating the force on the inert particle would be such as 
to repel it from the ice making the overall relative force for this 
case repulsive. 
Table III gives the force on a growing water droplet juxtaposed 
with an inert particle. Qualitatively, these results are identical 
to the situation shown in table II. Here the relative force is 
attractive and smaller than if the droplet were replaced by an ice 
particle, suggesting that ice is a more efficient scavenger than 
water. 
That the diffusiophoretic force on a particle near an ice 
particle is larger than that force near a water droplet is true 
because the supersaturation of the bulk medium with respect to the 
ice surface is considerably larger than the supersaturation as seen 
from the water surface. Therefore, the flow of vapor toward the 
ice particle is larger than that toward the water droplet. The 
Stefan flow near the ice particle and the resulting force on an 
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TABLE II 
Diffusiophoretic force between an ice particle and an inert particle. 
F1 is the force on the 8 micron inert particle and F2 the force on 
the 10 micron ice particle. D is the distance between centers. The 
supersaturation with respect to the ice particle is 1.137. 
D(microns) F1 (dynes) F2 (dynes) 
0.1900E 02 0. 1036E 02 0.1147E 02 
0.1902E 02 0.1019E02 0.1130E 02 
0.1906E 02 0.1000E 02 0.1111E 02 
0. 1917E 02 0.9430E 01 0.1053E02 
0.1931E 02 0.8787E 01 0.9882E 01 
0.1949E 02 0.8097E 01 0.9182E 01 
0.1970E 02 0.7378E 01 0. 8453E 01 
0.1995E 02 0.6651E 01 0.7713E 01 
0.2024E 02 0.5933E 01 0.6981E 01 
0.2059E 02 0.5238E 01 0.6270E 01 
0.2100E 02 0.4581E 01 0.5593E 01 
0.2147E 02 0 .3969E 01 0.4960E 01 
0.2201E 02 0.3411E 01 0.4376E 01 
0.2264E 02 0.2909E 01 0.3846E 01 
0.2335E 02 0.2464E 01 0.3369E 01 
o.2416E oa 0.2075E 01 0.2946E 01 
0.2507E 02 0.1738E 01 0.2572E 01 
0.2609E 02 0.1451E 01 0.2244E 01 
0.2838E 02 0. 1012E 01 0. 1723E 01 
0.3112E 02 0.7029E 00 0.1328E 01 
0.3433E 02 0.4877E 00 0.1029E 01 
0.4169E 02 0.2465E 00 0.6460E 00 
0.5067E 02 0.1290E 00 0.4181E 00 
0.6102E 02 0.7106E-01 0.2806E 00 
0.7249E 02 0 .4136E-01 0.1956E 00 
o.8483E 02 0. 2540E-01 0. 1414E 00 
0. 9787E 02 o. 1637E-01 0.1055E 00 
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TABLE III 
Diffusiophoretic force between a water droplet and an inert particle. 
F1 is the force on the 10 micron water droplet and F2 is the force 
on the 8 micron inert particle. D is the distance between centers. 
The supersaturation with respect to the droplet is 1.05. 
D(microns) F1 (dynes) F2 (dynes) 
0.1900E 02 0.4236E 01 0.4665E 01 
0.1902E 02 0.4185E 01 0.4613E 01 
0.1904E 02 0.4121E 01 0.4549E 01 
0.1914E 02 0.3906E 01 0.4331E 01 
0.1926E 02 0 .3658E 01 0.4081E 01 
0.1941 E 02 0.3387E 01 0.3807E 01 
0.1959E 02 0.3100E 01 0.3517E 01 
0.1981E 02 0.2808E 01 0 .3220E 01 
0.2008E 02 0.2516E 01 0.2923E 01 
0.2039E 02 0.2231E 01 0.2633E 01 
0.2076E 02 0. 1960E 01 0.2355E 01 
0.2119E 02 0.1705E 01 0.2093E 01 
0.2168E 02 0.1471E 01 0.1850E 01 
0.2225E 02 0.1259E 01 0.1628E 01 
0.2291E 02 0.1 070E 01 0.1427E 01 
0.2366E 02 0.9038E 00 0.1249E 01 
0.2450E 02 0.7592E 00 0.1 090E 01 
0.2644E 02 0.5342E 00 0.8362E 00 
0.2880E 02 0.3723E 00 0.6422E 00 
0.3161E 02 0.2583E 00 0.4953E 00 
0.3820E 02 0. 1296E 00 0.3077E 00 
0.4647E 02 0.6665E-01 0. 1963E 00 
0. 5623E 02 0.3584E-01 0.1296E 00 
0.6722E 02 0.2035E-01 0. 8891 E-01 
0.7919E 02 0. 1220E-01 0.6326E-01 
0. 9193E 02 0. 7705E-02 0 .4657E-01 
0.1052E 03 o. 5087E-02 0.3532E-01 
50 
inert particle is greater than if the ice is replaced by a droplet. 
C. FALL TRAJECTORIES 
The significance of the diffusiophoretic force in terms of 
atmospheric processes for the particle sizes considered here can 
best be determined by comparing the particle trajectories with and 
without accounting for the diffusiophoretic force. To this end, 
table IV gives values of orientation and corresponding velocities 
for a 10 micron sphere falling toward an 8 micron sphere. The 
initial position was such that the larger sphere would come to 
within 1 micron separation between surfaces at the point of closest 
approach. Due to the interference of the flow fields around each 
sphere,which becomes more pronounced for small separations there 
is a component of horizontal velocity denoted as VlX and V2X, for 
each particle, giving the impression that the particles are "sliding 
along their line of centers." As noted experimentally by Eveson 
and Ha11. 43 As the separation becomes smaller, the velocity of the 
smaller particle in the horizontal direction increases, in effect 
moving aside for the larger particle to pass. The vertical velocity 
of each sphere is larger than the Stokes value for isolated spheres 
due to the interference of the flow fields. For large sphere sepa-
rations the fall velocity of each sphere approaches the Stokes 
value. 
The diffusiophoretic force as discussed here is associated with 
diffusional growth or evaporation processes. A calculation of the 
trajectories to be accurate should account for changes in radius of 
TABLE IV 
Values of orientation and instantaneous velocity for two inert spheres. 
D =distance between centers. 
AX 
a cTan- 1 ~ where ~X and ~Z are the horizontal and vertical separations respectively of the spheres. 
V1X,V1Z =instantaneous velocities of sphere 1 (10 microns) in the X(horizontal) and Z(vertical) 
directions respectively. 
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Table IV Con 1 t. 
D(microns) a (degrees) 
0.2100E 02 0.463E 02 
0.2146E 02 0.426E 02 
0.2200E 02 0.391E 02 
0.2261E 02 0.358E 02 
0.2332E 02 0.327E 02 
0.2497E 02 0.2?2E 02 
0.2?01E 02 0.225E 02 
0.2948E 02 0.187E 02 
0.3539E 02 0.131E 02 
0.4300E 02 0. 948E Ot 
0 . .5219E 02 0. 713E 01 
0.6271E 02 0.558E 01 
0.7432E 02 0.450E Ol 
o.86?7E 02 0.374E 01 
0.9988E 02 0.317E 01 
V1X(cm,4sec) V1Z(c~ec) 
-0. 5583F-01 -0. 1457E -01 
-0.5571F-01 -0.1460E01 
-0. 5482E-O 1 -0. 1463E 01 
-0. 5328E-01 -0.1465E 01 
-0.5120F-01 -0. 1465E 01 
-0.4590F-01 -0.1463E 01 
-0.3983F-01 -0.1456E 01 
-0.3370E-01 -0.1445E 01 
-0. 2283E-01 -0.1418E01 
-0. t 499E-0 1 -0. 1386E 01 
-0. 9863E-02 -0. l356E 01 
-0.6644E-02 -0. l330E 01 
-0.4624E-02 -0. 1309E 01 
-0.3331E-02 -0.1292E 01 
-0. 24 77E-02 -0.1279E 01 
V2X(c~ec) 
-0. 1219E 00 
-0.1217E 01 
-0. 1196E 00 













-0. 1327E 01 
-0. 1332E 01 
-0. 1336E 01 
-0.1337E 01 





-0. 1152E 01 
-0. 1090E 01 
-0.1038E 01 
-0. 9968E 00 





growing or evaporating particles. This effect on the trajectories 
will be neglected, so that any differences in trajectories will 
correspond to diffusiophoretic forces. 
Table V gives the relative orientation and velocities for a 
spherical ice particle of radius 10 microns falling toward a 
growing water droplet of radius 8 microns. Again, the initial 
positions are such that when the particle centers lie on the same 
horizontal plane, the surfaces are separated by 1 micron. It is 
apparent from comparison of the corresponding instantaneous velocities 
in tables IV and V that the effect of diffusiophoresis on the motion 
is not appreciable. 
Values of relative orientation and instantaneous velocities for 
a 10 micron spherical ice particle and an 8 micron inert particle 
are shown in table VI. Comparing these values to the corresponding 
values in table IV, it appears that the diffusiophoretic force does 
noticeably influence the trajectories. The effect is most apparent 
for orientations in which the particles are positioned near the 
h i t 1 1 di to 0: -- 90°. same or zan a p ane, correspon ng For this orien-
tation the horizontal force, derived from the interference of the 
flow fields around two settling spheres, is at its smaller values 
and due to the close proximity of the spheres the diffusiophoretic 
force is at its maximum value. 
A plot of the relative position of the particles during the 
trajectory for the ice and inert particle interaction is shown in 
curve B of figure 8. For comparison, the corresponding plot for 
two inert spheres is given in curve A. Defining an impact parameter, 
TABLE V 
Values of orientation and instantaneous velocity for a 10 micron ice particle (sphere 1) falling 
toward an 8 micron water droplet. (See Table IV for explanation of symbols.) The supersaturation 
with respect to the water is 1.05 and with respect to the ice 1.137. 
D(microns) a (degrees) Vtx(c~ec) V1Z(cm,.9ec) V2X(~ec) V2Z(c~ec) 
0.1900E 02 0.900E 02 -0. 6000E-03 -0. 1407E 01 -0. 6309E-03 -0. 1258E 01 
0.1901E 02 0.877E 02 -0. 6485E..02 -0. 1408E 01 -0. 11 26 E- 0 1 -0.1258E01 
0.1903E02 0.854E 02 -0. 1217E-01 -0.1409E01 -0.2172E-01 -0. 1259E 01 
0.1911E 02 0 .809E 02 -0. 2228E..01 -0.1413E 01 -0.4134E-01 -0. 1263E 01 
0.1922E 02 0.764E 02 -0. 3079E-01 -0. 1419E 01 -0. 5920E-O 1 -0.12G8E 01 
0.1935E 02 0.719E 02 -0. 3775E-01 -0.1424E 01 -0. 7504E..Ot -0.1275E 01 
0. 1952E 02 0.674E 02 -0. 4335E-01 -0. 1430E 01 -0.8871 E-01 -0.1284E01 
0.1972E 02 0.630E 02 -0.4779E-01 -0.1436E 01 -0.1001 E 00 -0. 1293E 01 
0. 1997E 02 0.586E 02 -0.5121E..01 -0. 1442E 01 -0. 1092E 00 -0. 1302E 01 
0. 2026E 02 0.544E 02 -0. 5369E-01 -0.1447E 01 -0.1158E 00 -0.1311E 01 
0. 2060E 02 0.503E 02 -0. 5526E..01 -0.1452E 01 -0. 1201 E 00 -0.1319E 01 
0.2099E 02 0.463E 02 -0.5595E-01 -0. 1457E 01 -0.1221E 00 -0.1327E 01 
0.2146E 02 0.426E 02 -0.5580E-01 -0.1460E 01 -0.1218E 00 -0. 1332E 01 
0. 2199E 02 0.391E 02 -0. 5489E-0 1 -0. 1463E 01 -0.1197E 00 -0.1336E 01 
0.2261E 02 0.358E 02 -0. 5333E-01 -0. 1465E 01 -0. 1160E 00 -0.1337E 01 
0.2331E 02 0.327E 02 -0.5125E..01 -0.1465E 01 -0.1109E 00 -0. 1336E 01 
0.2496E 02 0.272E 02 -0.4592E-01 -0.1463E 01 -0.9831 E-01 -0. 1326E 01 
0.2700E 02 0.225E 02 -0.3985E-01 -0.1456E 01 -0. 8413E..01 -0. 1308E 01 
0.2946E 02 0.187E 02 -0.3371E-01 -0.1445E 01 -0. 7015E-01 -0. 1282E 01 
0.3538E 02 0.131 E 02 -0. 2284E-01 -0.1418E 01 -0.4640E..01 -0.1219E01 
0.4298E 02 0. 947E 01 -0. 1499E-01 -0. 1386E 01 -0. 2996E..O 1 -0.1152E 01 
0.5216E 02 0.713E 01 -0.9865E..02 -0.1356E 01 -0. 1952E-01 -0. 1090E 01 
0. 6268E 02 0.557E 01 -0.6644E-02 -0.1330E 01 -0. 1807E..O 1 -0. 1038E 01 
0.7429E 02 0.450E 01 -0.4624E-02 -0. 1309E 01 -0. 9075E-02 -0.9969E 00 Vl +-
o.8673E 02 0 .374E 01 -0. 3330E-02 -0.1292E 01 -0. 6 525E..02 -0.9640E 00 
0.9985E 02 0.317E 01 -0. 2476E..02 -0.1279E 01 -0. 484 7E-02 -0. 9379E 00 
TABLE VI 
Values of orientation and relative velocity for a 10 micron ice particle (sphere 1) falling toward an 
8 micron inert particle. (See Table IV for an explanation of the symbols.) The supersaturation with 
respect to the ice particle is 1.137. 
D(microns) ex (degrees) V1X(c~ec) V1Z(c~ec) V2X(c~ec) V2Z ( cmA:Iec) 
0.1900E 02 0. 9000E 02 0. 5335E-01 -0.1407E 01 0. 5627E-01 .o. 1258E 01 
0.1902E 02 0.8775E 02 0.4655E-01 -0. 1406E 01 0.4474E-01 -0.1256E01 
0.1906E 02 0.8549E 02 0.3981E-01 .o. 1406E 01 0.3321E-01 -0.1254E 01 
0. 1917E 02 0.8096E 02 0.2647E-01 -0. 1406E 01 0. 1 026E-01 -0.1253E 01 
0.1931 E 02 0.7640E 02 0. 1414E-01 .0.1408E 01 -0. 1159E-01 -0. 1255E 01 
0.1949E 02 0.7183E 02 0. 2809E-02 -0.1411E 01 -0.3198E-01 -0.1258E 01 
0.1970E 02 0.6728E 02 -0. 7520E-02 -0.1415E 01 -0. 5055E-01 -0.1264E 01 
0.1995E 02 0.6278E 02 -0. 1680E-01 -0. 1419E 01 -0. 6694E-01 -0. 1270E 01 
0.2024E 02 0. 5838E 02 -0.2493E-01 -0.1424E 01 -0.8081 E-01 -0.1278E 01 
0.2059E 02 0. 5409E 02 -0.3179E-01 -0.1430E 01 -0. 9190E-01 -0. 1286E 01 
0.2100E 02 0.4997E 02 -0.3727E-01 -0.1435E 01 -0.1000E 00 -0. 1294E 01 
0.2147E 02 0.4602E 02 -0.4134E-01 -0.1440E 01 -0.1053E 00 -0.1301E 01 
0. 2201E 02 0.4227E 02 -0.4405E-01 -0.1444E 01 -0.1079E 00 -0. 1307E 01 
0.2264E 02 0.3874E 02 -0. 4550E-01 -0.1447E 01 -0. 1081E 00 -0.1310E 01 
0.2335E 02 0.3544E 02 -0 .4585E-01 -0. 1450E 01 -0.1062E 00 -0.1312E01 
0.2416E 02 0.3238E 02 -0.4529E-01 -0.1451E 01 -0. 1027E 00 .0.1310E 01 
0.2507E 02 0.2955E 02 -0. 4398E-01 -0.1450E 01 -0. 9795E-01 -0.1306E01 
0.2609E 02 0.2695E 02 -0.4212E-01 -0. 1449E 01 -0.9227E-01 
-0 1299E 01 
0.2838E 02 0 2241E 02 -0.3728E-01 -0. 1443E 01 -0.7948E-01 -0 1280E 01 
0.3112E 02 0 1869E 02 -0 .3188E-01 -0. 1432E 01 -0 6650E-01 -0 1254E 01 
0 3433E 02 0 1569E 02 -0. 2661 E-01 -0.1419E 01 -0 5454E-01 -0. 1223E 01 
0.4169E 02 0. 1129E 02 -0. 1782E-01 -0.1389E 01 -0.3573E-01 -0.1158E01 
0.5067E 02 o.8459E 01 -0. 1180E-01 -0. 1359E 01 -0. 2336E-01 -0.1096E 01 
o.6102E 02 o.6579E 01 -0. 7954E-02 -0. 1333E 01 -0. 1563E-01 -0.1044E01 IJl 
0.7249E 02 0.5291E 01 -0.5521E-02 -0.1311E 01 
-0.1081E-01 -0. 1001 E 01 IJl 
o.8483E 02 0.4376E 01 -0.3963E-02 -0.1294E 01 
-0. 7746E-02 -0.9678E 00 
0.9787E 02 0.3703E 01 -0. 2936 E-02 -0.1280E 01 











8 10 12 14 16 18 20 
L\X (MICRONS) 
Figure 8. Fall trajectories tor 8 and 10 micron spheres. Curve A 
represents two inert spheres, Curve B an ice and an inert particle 
and Curve C a water droplet and an inert particle. The supersatu-
ration with respect to water is 1.05 and with respect to ice 1.13?. 
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b, as the horizontal separation of the sphere centers at the 
beginning of a trajectory that results in a one micron miss, it 
appears that the diffusiophoretic force for a 10 micron ice particle 
and an 8 micron inert particle increases the impact parameter by 
about 1 micron. 
Curve C of figure 8 gives the relative trajectory corresponding 
to a 10 micron growing water droplet falling toward an 8 micron 
inert particle and missing by 1 micron. The diffusiophoretic force 
does not change the trajectories as much for this situation as 
!or the ice and inert particle trajectory. The phoretic force 
increases the impact parameter by about .5 microns. 
Curve B of figure 9 shows the trajectory for a 10 micron growing 
ice particle and a 9.5 micron inert sphere. Shown in curve A is 
the corresponding trajectory for two inert spheres. Since the 
spheres are more nearly equal in size than the situation shown in 
figure 8, the relative fall velocity is smaller and the spheres 
spend more time in close proximity. As a result the phoretic force 
has a greater influence on the motion. For this situation the 
impact parameter is increased by 1.5 microns due to diffusiophoresis. 
Recent calculations for collision efficiencies of small spheres 
falling under the assumptions of creeping, steady motion are given 
by Sartor and Davis36 (1967). They defined the collision efficiency 
2 2 
as E = b /(R1 + R2 ) where b is the impact parameter for a grazing 
collision and R1 , R2 the radii of the spheres. As mentioned ear-
lier, the sphere surfaces are not permitted to touch in the present 
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Figure 9. Fall trajectories for 9.5 and 10 micron spheres. Curve A 
corresponds to two inert spheres and curve B to an ice particle and 
an inert sphere. The supersaturation with respect to the ice is 1.135. 
the Sartor and Davis calculations.) However, using the values of 
collision efficiencies given by Sartor and Davis and assuming that 
the changes in the impact parameters mentioned above due to diffusio-
phoresis apply to a grazing collision as well, one can get an idea 
of how diffusive forces change the impact parameters. 
In the spirit of these assumptions, the impact parameter for a 
growing 10 micron ice sphere falling toward an 8 micron inert par-
ticle is increased by a factor of 1.4 due to diffusive forces. If 
the inert particle is increased in size to 9.5 microns the diffusive 
forces increase the impact parameter by a factor of 1.7. 
Judging from curve C of figure 8 it appears that diffusive 
forces for the case of a 10 micron growing water droplet falling 
toward an 8 micron inert particle increases the impact parameter 
by a factor of 1.2. 
59 
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V. APPLICATIONS AND SUGGESTIONS FOR FURTHER STUDY 
Although the question as to what value to use for the diffusion 
slip coefficient is not known precisely, it does not appear to be 
a limiting factor in judging the significance of the phoretic force. 
The value for the slip coefficient as used in the tangential velocity 
boundary condition, equation (27), was a = .2. For a = 1 the force 
is zero. This corresponds to perfect slip at the particle surface. 
In the case of O: 0 the force attains its maximum value. 
A. ACCRETION AND IN-CLOUD SCAVENGING 
The possibility of employing the above calculation for explaining 
problems involving cloud development does not look encouraging. Drop. 
let growth due to accretion is not affected at all by the phoretic 
force. Even the number of collisions of water droplets with ice 
particles do not appear to be significantly enhanced by diffusio-
phoresis. These results are borne out by field observations of 
Rosinski59 (1967) who concluded that "9- 11 micron diameter cloud 
droplets will not be removed effectively by phoretic forces." 
There does not appear to be sufficient experimental evidence to 
determine the e!fect or dif!usiophoretic forces on the scavenging of 
inert particles of several microns radius by droplets or ice particles. 
59 The small amount of data presented by Rosinski shows that the con-
centration of 9-11 micron diameter particles in air is about one-tenth 
and in ice about one-hundredth of that of 1.5- 3 micron diameter par-
ticles. This data also indicates that the removal of 9-11 micron 
61 
diameter particles is independent of the type of ice phase. (One ice 
phase results from the accretion of supercooled droplets, the other 
from growth by sublimation.) Since the data points are scattered and 
include coagulation probabilities in addition to collision efficiencies, 
the above predictions concerning the enhancement of collision effic-
iencies of inert particles cannot be tested. 
A very difficult problem related to the present discussion is 
that of the sticking together or coagulation of the particles after 
collision. If a diffusiophoretic force exists between particles, it 
may have an influence on the coagulation problem as well as the 
trajectories. Unfortunately, the diffusiophoretic forces calculated 
here are not reliable for very close sphere separations. However, 
these results do suggest that the phoretic force is large for small 
separations. For cases when the force is attractive, it may increase 
the chances of coagulation after the spheres collide. 
The present study indicates that the di!fusiophoretic force 
may enhance collisions between growing cloud elements and inert 
particles. The above results could be used to determine the extent 
of this increase. Such a calculation should necessarily take into 
account the number distributions of growing cloud elements and inert 
particles as well as the corresponding size distributions. The 
number distribution of inert particles is particularly complicated, 
since the possibility exists that any such particle may serve as a 
site of condensation of water vapor, thus becoming, in essence, a 
water droplet or ice particle. 
The calculations presented here for the temperature and vapor 
62 
density profiles were done assuming that the velocity of each sphere 
relative to the surrounding medium was small enough that ventilation 
did not affect the density profiles. For particles of radius greater 
60 than about 20 microns, the fall velocity can affect the profiles. 
Such a drop falling in a supersaturated atmosphere would experience 
an increase in the vapor density gradient on the front side. This 
increase in the gradient would increase the diffusiophoretic force 
on any particle that may be in the path of the falling drop. The 
result could be an enhancement of the collision efficiency. 
Another very important item concerning the calculations pre-
sented here is the value of the bulk temperature of the medium. The 
0 
equilibrium vapor pressure over ice at - 12 C is much lower than 
that over water at the same temperature making the supersaturation 
over ice much larger than that over water. The difference between 
vapor pressures over ice and supercooled water is a function of 
temperature, being zero at 0° C and increasing to a maximum at 
- 12° c. 61 The difference in vapor pressures decreases almost 
0 0 linearly from -15 C to near -40 C. (At this temperature most of 
the supercooled droplets would be frozen.) There is, therefore, a 
limited temperature range in which the ice particles are more 
efficient at attracting inert particles than water droplets. 
B. LIMITATIONS OF BISPHERICAL GEOMETRY 
Another situation that can possibly be exploited by the cal-
culations presented here is the diffusiophoretic force between ice 
crystals (not spherical) and either droplets or inert particles. 
63 
This suggestion is based on calculations by Podzimek27 which show 
that the density profile around an ice crystal of complicated shape 
has nearly the same density profile as around a sphere. This is 
true since at large distances from the ice crystal the vapor density 
must necessarily reach the same bulk value as around the spherical 
ice particle. Also at close distances, any sharp point on the ice 
crystal would grow faster than a flat surface thus having a large 
effect on the profile in that region. Since the density profile 
around a sharp point has nearly spherical geometry, the density 
profile in the neighborhood of the ice crystal may be very similar 
to that around an ice sphere. 
The effect of the diffusiophoretic force between an ice crystal 
of complicated geometry and an inert particle or a water droplet 
should be judged from the effect of the phoretic force on the fall 
trajectory. Unfortunately the fall trajectory for juxtaposed 
spheres does not appear to be of much use in this calculation, 
since the flow field around an ice crystal depends to a large extent 
on its shape. 
Another application of the results presented here could be to 
give a guideline as to which situations it is necessary to use the 
relatively complicated bispherical geometry. If one is interested 
in the temperature and vapor density profiles in the vicinity of 
two widely spaced droplets, it may be possible to assume that one 
droplet is suspended in a medium on which is imposed constant, 
external temperature and vapor density gradients as was done by 
64 
12 Dukhin and Deryagi~ Accuracy of such a calculation or the diffusio-
phoretic force resulting from the calculation could be checked using 
the above results. Depending upon the amount of error one is will-
ing to accept, there is a particle separation greater than which 
this approximation would be very useful. 
C. SCAVENGING OF SUB-MICRON PARTICLES 
The calculations presented here for the temperature and vapor 
density profiles for an ice particle juxtaposed with a water droplet 
and their relative trajectories could prove useful for the description 
of the scavenging of sub-micron particles in mixed clouds. Vittori 
28 
and Prodi (1967) suggested that the capture efficiency of small 
aerosol particles by ice crystals would be enhanced by the presence 
of supercooled droplets since the particles would be driven away 
from the evaporating droplet and toward the growing ice crystal by 
diffusiophoresis. Rosinski30 (1967) concluded from field experiments 
that there is indeed an enhanced scavenging mechanism in mixed clouds 
t 1 1 5 3 i i di t Slinn and Hales23,24 for par ic es of . - m crons n arne er. 
have suggested that the particles are scavenged by the water droplets, 
since for these small particles thermophoresis dominates diffusio-
phoresis and is in the opposite direction. 
If the aerosol particles are considered small enough that 
their presence does not affect the vapor density and temperature 
profiles calculated here for a juxtaposed ice particle and water 
droplet system, then these profiles could be used to calculate the 
motion of the aerosol particles. The settling motion of the ice 
65 
particle and water droplet due to gravity must be taken into account 
for such a calculation. One would also be wise to consider the 
distributions of the particles involved to see if such a three-
particle interaction is statistically probable before undertaking 
the calculation. 
VI CONCLUSIONS 
The diffusiophoretic force between two juxtaposed spherical 
water droplets is zero. Therefore, the trajectories of the two 
droplets when falling in a gravitational field are not influenced 
by the diffusive forces. 
The diffusiophoretic force between a spherical ice particle 
66 
and a spherical water droplet each of which is undergoing diffusional 
growth or evaporation is non-zero. However, if the sphere sizes are 
such that ventilation does not disturb the vapor density profiles 
and the hydrodynamic assumptions of steady, creeping motion are 
good, the diffusive forces acting between the spheres are not large 
enough to significantly change the trajectories. 
If one of the spheres is a water droplet or spherical ice 
particle growing by diffusion and the other sphere represents an 
inert particle, the fall trajectories are influenced in favor of 
collision. The effect is greatest for the situation in which the 
spheres are of nearly equal size, since the relative velocities are 
then small and the spheres can spend more time in close proximity. 
The magnitude of the force depends on the supersaturation, being 
larger for higher supersaturations. 
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APPENDIX 
A. Computer Program 
The first 198 linea of the program are mainly devoted to 
reading in the necessary data and setting the position of the two 
spheres in bispherical coordinates. Solutions to the boundary 
condition equations specifying the unknown constants for determination 
of the temperature and vapor density profiles are given in lines 198-
509. By altering the index IR this part of the program can be made 
to describe either a juxtaposition of two volatile particles or the 
situation in which one particle is volatile the other inert. 
Lines 509 - 597 are devoted to calculating the diffusiophoretic 
force and a check on this calculation is done in linea 598- 611. 
The sum of the gravitational force on each particle parallel 
to the line joining centers and the diffusiophoretic force, as well 
as the component of the gravitational force perpendicular to the 
line of centers is found in lines 614- 619. 
With the forces known,the instantaneous velocities of each 
particle paralled to the line of centers (lines 620 - 700) and the 
corresponding velocities for motion perpendicular to the line of 
centers (lines 701 - 1046) are found. 
The particles are allowed to fall an increment of time, DT, at 
these velocities resulting in a new orientation for which the 
process of calculating the diffuaiophoretic force and the resulting 
instantaneous velocities is repeated. The time increment, DT, is 
adjusted (lines 1047 - 1064) at various points in the trajectory 
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according to specified tolerances to keep both the error in the 
trajectory and the computer time at reasonably small values. (The 
approximate computer time for one trajectory is about one hour.) 
SUBROUTINE ALW - The program is treated as a subroutine and stored 
on a disc to avoid wasting compile time. 
A1,A2- Radii of spheres 1 and 2 respectively. 
X10,X20 - Horizontal positions of spheres 1 and 2. 
Z10,Z20 - Vertical positions of spheres 1 and 2. 
BC1,BC2,CC1,CC2- Constants defined in the thermal equilibrium 
boundary condition. 
AD - Diffusion coefficient. 
CNLAT1,CNLAT2- Latent heats of spheres 1 and 2. 
AKO - Thermal conductivity of saturated air. 
AKI1,AKI2- Internal thermal conductivities of spheres 1 and 2 
respectively 
TR,RHR - Bulk values of temperature and vapor density respectively. 
SS1,SS2- Supersaturation with respect to spheres 1 and 2 respectively. 
GRAV- Acceleration of gravity. 
V1X,V2X- Horizontal velocities of spheres 1 and 2 respectively. 
V1Z,V2Z - Vertical velocities of spheres 1 and 2. 
DA - Distance between sphere centers. 
ALF- Defined as a in text (Table 4). 
U10 : ~1 
U20 = ~2 
A(N,M),B(N) - Coefficient matrix and resultant vector to solve 
temperature and density profile boundary condition equations. 
AA(N,M),BB(N) - Coefficient matrix and resultant vector to solve 
boundary condition equations for diffusiophoretic force. 
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DGELG - Tabulated subprogram for solving simultaneous equations. 
Fl,F2- Diffusiophoretic force on particles 1 and 2 respectively. 
FPL1,FPL2- Force parallel to the line joining centers on particles 
1 and 2 respectively. 
FPD1,FPD2- Force perpendicular to the line of centers on particles 




































DOUBLE PRECISION AP(l22,122l,BP(l22) 
93 FORMAT(416) 
IR=1 DENOTES INERT PARTICLE IR=2--- VOLATILE PARTICLE 
IN=l ACTIVATES PROFILE CALC. IN=2 DOES NOT 
IP DENOTES DIMENSION OF PROFILE MATRIX 
JF DENOTES DIMINSION OF PERPENDICULAR FORCE MATRIX 







DI~ENSION AP(JF,JFJ,BP(JFt AN1(35J,AN2(35J BN1(35) BN2(35J 
DIMENSION AB1(3~J,AB2t35J,CD1t35t,C02(35t,EF1(36l,EF2(36),GH1(34J 1 GH2(34) 
DIMENSION ARAP(35t,ARBP(35t,ARAM(35J,ARBM(35) 
DIMENSION X(300) 
DIMENSION PHEll20J!PHE2(20)rPHI1(20l,PH12(20JJGAP1(20t,GAP2(20), 1H(20t 1 El20J,C(2UJ,u(2GJ AA('t,4) ,BB(4J A(96,96 ,6(96) OIMEN~ION SJ1(lOl 1 SJ2(lOJ 1 SJ3(1Ct 1 SJ4f1vt,OM1tlOJ,OM2(10J,DM3(10), 1 DM4 ( 10) , R E 1 ( 10) , R 1:2 ( 10) , R t: 3 ( 10) , R t:4 ( 10 J 
DIMENSION ASP(10J 1 BSP(10J 1 CSP(10t,DSP(10J DIMENSION AStlOJ ,tsS(lOJ,C~(lOJ,DS(lO) 
DIMENSION X1W(5) WlX(5t DI~ENSION VE1Xt1fOJ,VE2X(l2PJ,VE1Zll20J,VE2Z(l20),FOR1(120J, 
1FOR2(120J,OIST(120J,ANGL(l20J 
DIMENSION CHGX(120J,CHGZ(l2CJ 
DOUBLE PRECISION DSQRT,OLOG,DTANHtDEXP,OCOSH,DSINH,DABS 
DOUBLE PRECISION UATAN,DCOS,OSIN,uTAN 
1 FORMAT (4Dl8.8J 
100 FORMAT(3Dl8.8J 2 FORMAT(//} 
3 FORMAT (6016.6) 
5 FORMAT (E18.8,16t 
11 FORMAT(' THE RESULTANT VECTOR-- B(NJ ') 
12 FORMAT(' l U T 
1 RHO' ) 
13 FORMAT(' THE COFICIENTS OF TEMP +DENSITY ') 
14 FORMAT(' Rl R2 Sl S2 
1 SlE S2f 'l 
15 FORMAT(' THE COEFICIENT MATRIX IS-- A(N,J) •t 
16 F 0 R MAT ( T 8 , ' A 1' , T 2 4C ' A 2 ' ) 17 fORMAT(' B 1 RC2 CCl 





































18-FORMAT(' AD C NLAT 1 CNLAI2 
1 AKO ') 
19 FORMAT( 1 AKil AKI2 TR 
1 RHR 'J 
21 FORMAT ( 1 GAMEl GAME 2 GAMil 
1 GAM12 BP1 BP2 1 ) 
22 FORMAT (' BP3 BP4 CPl 
1 CP2 TOl T02 ') 
23 FORMAT(T6 1 'DA' ,T22, 'UlO' ,T38,'U20' ,T54, 1 AM' ,T7U, 1 DA1' ,T86,'0A2') 24 FORMAT(' llR Z1L Z2R 
1 Z2L 1 ) 
25 FORMAT (' 
31 FORMAT(' 
1 T 2 ' ) 34 FORMAT ( 1 
Y1 
1 SL P ' ) 
ETS 
VIS 
37 FORMAT(' RH01 
38 FORMAT(' PHEl 
39 FORMAT(' H(N) 
Tl 










1 O(N) 1 ) 
40 FORMAT(•----------------------------------------------------- ') 
41 FORMAT(' DA V1 V2 ') 
AS BS 
. , 42 FORMAT(' 1 OS 























52 FORMAT(T8, 'Fl' ,T24,'F2') 
53 FORMAT(T8, 1 SI1',T24,'SI2',T42,'0SI1',T60,'0SI2') 
54 FORMAT(T8,'Vl',T24t'V2') 
55 FORMAT(' THE PERPENDICULAR VELOCTY COEFICIENTS 
56 FORMAT(' COLLISION ') 
57 FORMAT( ' HIT 1 ) 
58 FORMAT(' MISS') 
59 FORMAT(T8t'DA 1 ,T24, 1 ALF 1 ,T40,'EFF 1 ,T56, 1 A1A2 1 ) 
60 FORMAT( T8, 'DA' ,T24, 'ALF') 
61 FORMAT(T8, 1 Xl0 1 ,T24,'X20') 
62 FORMAT(' VALUES FROM LOOP 701 1 ) 
63 FORMAT('VALUES FROM LOOP 7CO ') 
64 FORMAT(T8,'DA 1 ,T24t 1 ALF 1 ,T40, 1 EFF') 
65 FORMAT(T8,'0A 1 ,T24 1 ALF 1 ,T40, 1 TT 1 ) 

















































67 FORMAT(' MAUDE BOUNDARY CONDITION CHECK 1 ) 
68 FORMAT(T8, 1 SJ1' ,T24, 'SJ2' ,T40, 1 SJ3' ,T56, 1 SJ4') 
69 FORMATlT8, 1 REl 1 ,T24, 1 RE2',T40,'RE3 1 ,T56, 1 RE4'1 
70 FORMAT(T8,'0Ml',T24, 1 0M2',T40,'0M3 1 ,T56, 1 0M4 1 ) 
71 FORMATlT8,•FP01',T24,'FP02',T40 1 1 FPD1P 1 ,T56 1 1 FPD2P') 72 FORMAT(T8, 1 CHI<l' ,T24,'CHK2') 
73 FORMATCT8,'A1 1 ,T24,'A2') 
76 FORMAT ( T8, 'AN1', T24, 'BN1', T40, 'AN2', T56, 1 BN2 •) 17 FORMATl5017.7) 
78 FORMATll6) 
79 FORMATlT8, 1 ABl',T24,'AB2',T4U,'C01',T50, 1 CD2 1 ) 
80 FORMATCT8,'EF1',T24, 1 EF2') 
81 FORMAT CT8'. GHl' 'T24, I GH2 I) 
82 FORMAT(T8, 1 CND11 1 ,T24, 1 CND12') 
R3 FORMAT(T8,'CND2l',T24,•CN022') 
84 FORMAT(T8, 1 CN031 1 ,T24,'CN032') 
85 FORMAT(T8 1 'CND41',T24,'CND42') 86 FORMAT(T8, 1 CND51 1 ,T24 'CND52') 
8 7 FORMAT ( T 8' • ARB i. 'T 24' I AR B2. 'T3 9' • ARB 3 I 'T 56' I BR 81 I 'T 74' • B R 82. 'T 8 9 1 1 BRB3 1 ) 
88 FORMAT(' THE MATRIX ELEMENTS AFTER MULTIPLICATION ARE--- •t 89 FORMAT(' SUM 1 ) 
90 FORMAT(5026.16) 
91 FORMAT( 1 CROSS OVER ') 
93 FORMATl4J6) 
94 FORMATl4026.16) 
95 FORMAT(T8 1 'Xl' ,T24 1 'X2 1 ,T4C, 'Zl' ,T56,'Z2') 96 FORMAT(T8 1 'V1X',T24 1 'V2X',T40 1 1 VlZ',T56,'V2Z') 97 FORMAT(' OT=DT/2 ') 
98 FORMAT(' OT=DT*2 ') 
99 F 0 R MAT ( T 7' • DA. 'T 2 3 ' • Al F. 'T 3 9 ' • v 1 X. 'T 55' I v 1Z. 'T71 ' I v 2 X I 'T 87' • v 2Z • ) 
75 FORMAHT8 1 1 0A' ,T25,'f1'tT42, 1 F2') 32 FORMATlT8, 1 SS1 1 ,T24,'SS£',T42,'RHR•,T56,'SLP') 
WRITE ( 3, 93) I P, Jf, I R, IN 
READC1,1)A1,A2 
REA0(1,l)Xl~ 1 X20,ZlU,Z20 REA0(1,1) BC2 BClfCC2,CC1 
REA0(1,1) AD,tNLA 2,CNLATl,AKO 
READ(1 1 1)SLPtPI,RHGfVIS READ(1 1 l)AKI£ AKI1 R,SS2 REA0(1,1) TOLA,TOL~.DALF,GRAV 



















































WRITE(3,2) WR Tt::(3,18) 






















































































IF COZ) 831,832,831 
832 Alf=Pl/2. 










































0200 I&= I /6 
0201 123=2*1/3 
0202 13=1/3 












0216 I56P=I56+1 ()217 00 700 N=l,I 
0218 DO 700 J=1,I 
0219 700 A(N,J)=O.O 
0220 00 701 N=l,I23 0221 J=N 0222 701 A(N,J)=l.O 




0227 UlK=(2e*CK+l.)*U1~ 0228 702 A(N,J)=DEXP(U1K) 
0229 DO 703 N=1,13 0230 J=N+I23 




0~36 U2K=(2.*~K+l.)*U20 0 37 704 A(N7J)=D XP(U2K, 0238 DO 05 N=I3P,I2 
0239 J=N+I6 
0240 K=N-I 3P 
0241 CK=K CD 0242 U1K=(2.*CK+l.)*U10 0 0243 705 A(N,J,=DEXP(UlK' 
0244 DO 706 N= I3P. I 2 
0245 J=N+I3 
0246 706 A(N,J)=-BCl 
0247 DO 707 N=I2P,I23 0248 J=N+I3 0249 7rJ7 ACN}J)=-BC2 02 50 DO 08 N=I2P,I23 
J251 J=N-16 
0252 K= N-12 P 
0253 CK=K 
0254 U2K=(2.*CK+l.)*U20 
0255 708 A(N,J)=DEXP(U2K) 
~256 JM=l 0257 DO 709 N=I23P,I56M 
0258 J=N-123 
0259 JP=J +1 
0260 K=N-123P 0261 l=K+1 \)262 M=K-1 0263 CK=K 
0264 CL=l 0265 CM=M 
0266 U1 K = ( C K +. 5 ) * U 10 0267 U1M=CCM+.5l*U1v 




0281 CL=L 0262 CK=K 0263 CM=M 0284 U1K=CCK+.5l*U1CI 
I)~ 85 0 86 UlM=(EM+.5)*UlO U l=( l+.5l*U10 
0287 Tl2=0SINH(UlU)+(2.*CK+l.l*DCOSH(U10t (X) 
0288 A(N,Jl=GAMEl*Tl2*0EXP(UlKl .... 
0289 ACN,JMl=-GAMEl*CK*OEXP(UlM) 
0290 710 A(N,JP)=-GAMEl*CL•DEXP(Ulll 
















































































































































DO 714 N=I56,IM2 
J=N-I56M 
JP=J+l 
















































































































IF ( IR-l) 7000, 70CO, 70Cl 
7001 CONTINUE 
C VOLATILE BOUNDARY CONDITION 




DO 7716 N=l56,IM2 
J=N-12M 











































































A(N 9 JI=T22*DEXP(-U2K) 
A(N 9 JM)=-CK*DEXP(-U2M) 
7717 A(N,JP)=-Cl*DEXP(-U2l) 
GO TO 7002 
7000 CONTINUE 
C INERT BOUNDARY CONDITION 


















































































DO 723 J=13P,I2 
N=l23 
723 A(N,J)=1. 
DO 724 N=I2P,I23 
J= N+ I 3 
ACNpJ)=O. 
724 IHNJ=O. 










WRITE ( 3, 2 5 J 
WRITEC3,5JETS,IER 
WRITEC3 2) 
CALCULATibN OF PHORETIC FORCE 
RH01=G. 
RH02:.(j. 
























































WRITE (3 t 2) 























































































H(N) = tsBUJ 
E(N) = 88(2) 
C(N) = 88(31 
O(N) = BB(4) 
F 1 =-T X N* ( H ( N ) + E ( N ) +C ( N I + D ( N ) I + F 1 
F2=TXN*(H(N)-E(NI+C(NI-OCNII+F2 















BOUNDARY CONDITION CHECK 










OS 11= ( 2. *CN-1. I* ( H ( N I *D SINH ( UM 1) +E ( N) *DC 0 SH( UMl I ) + ( 2 • *CI\!+3. I * 
l(C(NI*DSINH(UKli+D(NI*DCOSH(UKlii-GAPl(N) 














































C CALCULATION OF STOKES RESISTANCE 
COF=-VIS*3.1416*2•*S02/AM 





























































































































































































992 WRITE(3,1lBDMl,BDM2 B0~3 BDM4 
























DO 299 NR=l,LL 
DO 299 NC=1,LL 
AP(NR,NCl=O. 
299 BP(NR)=O. 





















































0780 (.)1 tn 
NCM=3 
NRM=3 




































































































































88~~ NC4=NR+l~ NC5=NR+l +L8P 
0830 NC4P=NCit+l 0831 NC5P=NC5+ 0832 CID=2.*(2*NR+l.) 0833 AP(NRl,NR)=ClO 
0834 AP(NR2,NC1)=-CID 0835 AP(NR1,NC2)=5. 0836 AP(NR2,NC3)=5. 0837 AP ( NR 1, NC4) =-1. 
0838 AP(NR2,NC5)=-l. 0839 AP( NRl,NC4PI=2. 0840 303 AP(NR2,NC5P)=2. 
0841 DO 304 NR=l,LBM 0842 NR1=NR+L34 0843 NR2=NR+l78 \1844 NP=NR+l 0845 NR3=NP+L34 
0846 NR4=NP+L78 0847 NC~=NR+l4 0848 NC =NR+L38 
U849 CN=NR 0850 A P ( NR 3 , N C 1 ) = -C N 0851 AP(NR4,NC2)=-CN 0852 NC3=NP+L4 0853 NC4=NP+L38 0854 AP(NRl,NC31=NP+l. 0855 AP(NR2,NC41=NP+l. 0856 NC 5=L2+ NR+2 0857 NC6=l2+L8P+2+NR 
v85B A P ( NR 1 , N C 5 ) = -1 • 0859 AP(NR2,NC6)=-l. 0860 NC7=l2+L8P+L8P+NR l)861 NC8=NC7+L8M 0862 AP(NRl,NC7)=(NR+2)*(NR+3.) 0863 AP(NR2,NC8)=1NR+lt*(NR+3.) 0864 AP(NR3,NC7t=-2.*NR*(NP+2) OH65 AP(NR4,NC8)=-2.*NR*(NP+2) 
0866 NR5=NR+L8 
0867 AP(NR3,NRI=-2.*NR 0868 AP(NR4,NR5)=+2.*NR 0869 NPl=NP+L8 0870 AP(NRl,NP)=-2.*(NR+2) 
-.!) 0871 304 AP(NR2,NPli=+2.*(NR+2) 'J1 






































0913 09 4 

















FACT2=+6.*PI*VIS*A2*2•*SQ2/3.*DSINH(U20) DO 306 NC=1,L8P 












AP ( l34, L8P )=0 
AP(L34,L4P)=O 
l513=L4+l8P 




AP(L 713, l4P) =0 













DO 2000 N=l, L8 






































































DC 2002 N=1,L8M 
UN1=(N+l.5)*U10 
UN2=lN+l.5)*U2U 




















WRITE(3 1 llCNDll,CND12 





























































































































































































IF CIND-2)602 603 603 
XlP=CWlX(l)+W!XC2lJ•DT/4.+WlX(l)*DT/2.+XlWClt 
IF (0ABS(XlP-X1~(2l)-ERR1)604,604,6u5 
H~DP= I NDP+l 
IF (INDP-3)602,6C7 607 



















































l2= Z2-V2 ZN*DT 











IF CDZl 833,834,833 
834 ALF=P l/2 








WRITE(3 1 1)X1,X2,Z1,Z2 WRITEC3,40) 
IF (0A-.u120l85D,838,838 




WRITEC3,3)(01ST(N),ANGL(N),VE1XtN),VElZ(N),VE2X(N),VE2ZCNl,N=1,JE) WRITE (3 75) WRITE(3:100)(01ST(N),FOR1(N),FOR2(~),N=1,JE) 
WRITEC3,1)(CHGX(N),CHGZ(N),N=1,JE) 
RETURN 
END -0 
0 
